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Commutator




Commutator of two operators

The commutator of two operators A and B
is defined by

A,B]= AB — BA

A Blo= ABo— BAo

Why is It important?
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Commutator of two operators
AB¢p = A(Bo)

AB and BA may not be the same




Commutator of two operators

AB = BA

Two operators are said to commute.

(A, A] =0




Anticommutator

The anticommutator {A, B} is defined by




Position operator

The position operator I that acting on functions
of x gives another function of x as follows:

vf(x) = xf(x)

~k — _k
v f(x) = a” f(z)
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Momentum operator

The momentum operator acts on wave functions, which
are functions of space and time to give another function
of space and time:

]’j\Il(;z;, t) — p\IJ(aj’ t)

_ho 0
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Momentum operator

et us consider the wavefunction of a free particle:

\IJ(SL', t) __ ei(:r;p—Et)/ﬁ
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S\ 4 —ih— i(zp—FEt)/h
pY(x,t) i e

(—Zﬁ) (%) ei(a:p—Et)/fi
= p¥(x,t)




Linear operator




Commutator [X, p]

— _ho 0
L =4 P="%or = "ox

We have operators x and p that are clearly somewhat
related. We would like to know their commutator
x, p|. For this we let |z, p| act on some arbitrary
function ¢(x) and then attempt simplification.
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Commutator [X, p]

1z, plo(x)

(2p — px)o(z)
rpp(x) — pro()
t(po(x)) — p(Zo(x))

: (—mazf)) — p(zo(z))




Commutator [X, p]

op(x) ., 0O

z, plp(x) = —iha 9] ’iﬁ%(ﬁ@(ﬂ?))
L O¢(x) o Od(x)
= —ihx 5 iha 5 iho(x)

= iho(x)




Commutator [X, p]




Commutator [X, p]




Commutator [X, p]

FaN A AN

operator | P, Dy D
T +in 0 0
U 0 +ih 0
Z 0 0 +1h

FaN

T, | = 1h De, T| = —1h
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Commutator [X, p]

[.Cﬁf,;, ]53] — zﬁ%

1 if i=j
0 if i+#j
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The Kronecker delta: (5233- — {




Commutator [X, p]

O
D = —1h , k=12, 3.
ox,,

(xla L2, 'I'S) — (Ia Y, Z)

(p1,P2,P3) = (Pzs Py D)




Operators

operator | position | momentum
1 X Dy
2 Y Dy
3 Z D,




