PHY 3101
Electrical Engineering Materials

Elementary Quantum Physics

Dr. Mohammad Abdur Rashid




Hermiticity of operators
In Quantum Mechanics




Wave function and Schrodinger equation

The wave function W(x,t) that describes the quantum
mechanics of a particle of mass m moving in a potential
V(x,t) satisfies the Schrodinger equation

L oV(a,t) h O*W(x,t)
7 _ V(2 )0 (2, ¢
Z ot 2m  Ox? ()P (2, )
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Operators

Every observable in quantum mechanics Is represented by a linear,
Hermitian operator.

- s_ho .0
L —= T b= i O : Ox

R h O? A h? 0?2

T = H = -V
2m Ox? 2m Ox? (@)
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Linear operator




Hermitian operator

s

An operator 2, which corresponds to a physical
observable €2, is said to be Hermitian it

/cpm dz = /(Q@)*\If dz
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Briefer notation

The integrals of pairs of functions:

(P, V) = /q)*(a:‘)\lf(x) do

For any complex constant a:
(a®, V) = a" (P, V)
(®,aV) = a(P, V)
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Hermitian operator

Hermitian: | (P, QW) = (QD, V)

Anti-Hermitian: ((I)’ Q\I}) — —(Q(I), \If)




Properties of Hermitian operator

* The expectation value of a Hermitian operator is real.

* The eigenvalues of a Hermitian operator are real.

* The eigenfunctions can be organized to satisfy orthonormality.

* The eigenfunctions of Hermitian operator form a complete set
of basis functions. Any reasonable wave function can be
written as a superposition of eigenfunctions of that operator.
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Real expectation value for Hermitian operator

The expectation value of €2 is defined as

A ~

(Q)yy = /\IJ*(:U) QU (z)dxr = (¥, QW)

The complex conjugate

Fa¥

(D))" = f (T QU)* do = / T(QU)* da
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Real expectation value for Hermitian operator

(Dg) = /(Q\D)*\Ifdaz o
/F=A—1B

/ U* QU da
<Q>\If fcb*Q\Ifda: = /(Q@)*\Ifdx

The expectation value of a Hermitian operator Is real.
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Properties of Hermitian operator

* The expectation value of a Hermitian operator is real.

* The eigenvalues of a Hermitian operator are real.
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Real eigenvalues for Hermitian operator

Assume the operator () has an elgenvalue w associated
with a normalized eigenfunction ¥(x):

QU (z) = w¥(x)

The expectation value of 2 in the state of ¥(z):
Qg = (U,00) = (¥, 00) = w(l, ) = w

The eigenvalues of a Hermitian operator are real.
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Properties of Hermitian operator

* The expectation value of a Hermitian operator is real.

* The eigenvalues of a Hermitian operator are real.

* The eigenfunctions can be organized to satisfy orthonormality.
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Orthonormal eigenfunctions for Hermitian operator

Assume that the Hermitian operator () has a collection
of eigenfunctions and eigenvalues:

Q% (37) — Wlwl(x)
~ _ The list may be
Uijy(2) w21 () finite or infinite.

Mps(z) = wsthi(w)
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Orthonormal eigenfunctions for Hermitian operator

(Winthy) = [ vi(@) vi(a) do = 3,

1 if 2=7,
0 if 1+# 7.

The Kronecker delta: ~ 0;; = {
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Orthonormal eigenfunctions for Hermitian operator

We evaluate (1, ij) in two

W; W ;
different ways. v 7é J

A

MW (z) = with(@)

P

(Vi, wjj) Mo(x) = wathi(x)

~

wj(%‘, w]) 33() _ w31 ()

(wia ij)
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Orthonormal eigenfunctions for Hermitian operator

wi#wj

(Qy, V)
(withi, ;) Qun(r) = witn(a)
w;(wi7 wg) 5}102(37) i w2¢1(5’3)

Wp3(x) = wathi(w)

(i, ;)

“‘0 ‘\6 . . .




Orthonormal eigenfunctions for Hermitian operator

(wj — wi) (s, ;) =0

(i, 1) = / Vi(2) vy (2) dx = 6,

The eigenfunctions of a Hermitian operator
can be organized to satisfy orthonormality.
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Orthonormal eigenfunctions for Hermitian operator

(s, 1) = / 01 (2) ¥y(z) dz = 5,

It Is possible to have degeneracies In the spectrum,
namely, different eigenfunctions with the same
eigenvalue. In that case one must show that It Is
possible to choose linear combinations of the
degenerate eigenfunctions that are mutually orthogonal.
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Properties of Hermitian operator

* The expectation value of a Hermitian operator is real.

* The eigenvalues of a Hermitian operator are real.

* The eigenfunctions can be organized to satisfy orthonormality.

 The eigenfunctions of Hermitian operator form a complete set
of basis functions. Any reasonable wave function can be
written as a superposition of eigenfunctions of that operator.




A complete set of basis functions for Hermitian operator

The eigenfunctions of Q form a complete set of basis
functions. Any reasonable W can be written as a
superposition of eigenfunctions of €2.

\I/(.’l?) — Oflwl( ) + CYQ’(,bQ Z sz’%

o; = (;, V)




A complete set of basis functions for Hermitian operator

(40, U) = ] V() W ()

|
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Hermitian operator

s

An operator 2, which corresponds to a physical
observable €2, is said to be Hermitian it

/cpm dz = /(Q@)*\If dz
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Properties of Hermitian operator

* The expectation value of a Hermitian operator is real.

* The eigenvalues of a Hermitian operator are real.

* The eigenfunctions can be organized to satisfy orthonormality.

* The eigenfunctions of Hermitian operator form a complete set
of basis functions. Any reasonable wave function can be
written as a superposition of eigenfunctions of that operator.
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Examples of
Hermitian operator




Hermitian operator

s

An operator 2, which corresponds to a physical
observable €2, is said to be Hermitian it

/cpm dz = /(Q@)*\If dz
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Properties of Hermitian operator

* The expectation value of a Hermitian operator is real.

* The eigenvalues of a Hermitian operator are real.

* The eigenfunctions can be organized to satisfy orthonormality.

* The eigenfunctions of Hermitian operator form a complete set
of basis functions. Any reasonable wave function can be
written as a superposition of eigenfunctions of that operator.
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Operators

Every observable in quantum mechanics Is represented by a linear,
Hermitian operator.

- s_ho .0
L —= T b= i O : Ox

R h O? A h? 0?2

T = H = -V
2m Ox? 2m Ox? (@)
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Briefer notation

The integrals of pairs of functions:

(P, V) = /q)*(a:‘)\lf(x) do

For any complex constant a:
(a®, V) = a" (P, V)
(®,aV) = a(P, V)
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Hermitian operator

Hermitian: | (P, QW) = (QD, V)

Anti-Hermitian: ((I)’ Q\I}) — —(Q(I), \If)




Position operator

01: Position operator x is a Hermitian operator.

O*(z)(2V(x)) da

O*(z)(xW(x)) da

PU(x) = 20 (x) = [ (29*(2))¥(x)da
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Position operator

(@, 70)

1®(x) = xP(x)
TV (x) = axV(x) =

Position operator x 1s a Hermitian operator.

-(‘0 ‘\6 . . .




Momentum operator

02: Momentum operator p is a Hermitian operator.

(B, pU) — / () (pU(x)) da

_ / cp*(g;)(—m)agf) da
. . B | . oV (x)
= _Zﬁa% — —zﬁ/@ () 5 dx
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Momentum operator

Integrating by parts we have

(D, ) = —ik / o* () agf) da

— —zﬁ[q)*(x)\lf(:v)]oo —(—iﬁ)/a(b*(x) U(z)de

—00 833

Since the wave function vanishes as ¥ — +oo the first
term in the right-hand side is zero.
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Momentum operator

(D, p¥) = zﬁ/ o U(z)dx

() v

= [ (2) ¥
— (ﬁq)v \Ij)

Momentum operator p is a Hermitian operator.




Hermitian operator

e,

a7 1s an anti-Hermitian operator.
X

82
—— Is a Hermitian operator.
ox




Time dependence
of expectation values




Schrodinger Equation

O R
h—W — HW
zﬁat (2, 1) (2, 1)

For a particle quantum mechanical of mass m moving
in a potential V' (x,t) the Hamiltonian operator is

A h? O?
H = -V
Im Ox2 (2, 1)
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Hermitian operator

Fat

An operator €2, which corresponds to a physical
observable €, 1s said to be Hermitian if

/cpm dz = /(Q(I))*\If da

Examples: position operator x, momentum operator p,
Hamiltonian operator H, etc.
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Expectation value

The expectation value (Q) of any operator :

() = /OO U* (2, 1) QU (2, t) da

O

The physical meaning of this would be if we consider many
copies of the identical system, and measure €2 at a time ¢ in all
of them, then the average value recorded will converge to (2) as
the number of systems and measurements approaches infinity.
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Time dependence of expectation values

d d [ .
— () = — U*(x,t) QW (x,t)d
F0 = 3 veotrend
< oOU* . ~ OV
— QU + P* ()—
oA . s NI
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Time dependence of expectation values

iﬁ%(ﬂ) / N {—(qu)* QU + v Q(ﬁxp)} da

— OO

/ N (wr QW) — (i10) 0w} da

— OO

Hermitian operator: /CD*Q\IJ dr = /(QCD)*\I! dzx
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Time dependence of expectation values

z‘ﬁ%(ﬂ) = / (U* QHT — U QU da

o0

/ U(QF — AQ)U da

o0

/ U0, U da

o0

Commutator of two operators: | [A, B] = AB — BA
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Time dependence of expectation values

We have proven that for operators € that do not
explicitly depend on time,

md%(m _ <[Q, m)

Therefore, for an operation which commute with
the Hamiltonian operator H the expectation value
will not change over time.
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Time dependence of expectation values

Example: Consider the momentum operator p for a
free particle.

N2

For a free particle the Hamiltonian operator: H = 2?;
m
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Time dependence of expectation values

Hence the momentum operator p commute with H:
[ﬁ , H ] —

- — o 9 o N o N J— O
o ([p, plp + plp, p])

A, BC| = [A, B]C + B|A, C
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Time dependence of expectation values

(o) = (1. 1)) = 0

For a free particle the expectation value
of momentum does not change over time.
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