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The Wave Function




The Wave Function

The configuration or state of a guantum object is completely
specified by the wave function.

The wave function of a particle, at a particular time, contains
all the information that anybody at that time can have about
the particle (e.g. position, momentum, and energy).

The wave function, in general, iIs not a real quantity, but a
complex-valued functions of space and time.
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The Wave Function

In one dimension the wave function is denoted by V(x, t),
while in three dimension itis W (z, y, z, t).

How do we get the wave function?

The wave function is derived by solving Schrodinger equation.
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The Wave Function

The Schrodinger equation of the particle moving In the
potential V' (z) is written as

h* 0°W (x)

2m  Ox?

V()W (x) = BV (x)
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The Wave Function

The wave function itself has no physical interpretation.
It IS not measurable.

The square of the absolute value of the wave function has a
physical interpretation.
In one dimension, we interpret |¥(z, t)|“as a probability

density, a probability per unit length of finding the particle
at a time t at position x.
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The Wave Function

Since the wave function, in general, Is a complex function

we write
(2, t)|* = U*(z,t)U(x, t)
>, | probability of finding the particle
¥ (z, 1) de = i between x and (z + dz), at time ¢
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The Wave Function A

A (fictitious) schematic
diagram showing |V (x)
against distance from nucleus,
In arbitrary unit.

‘ 2

1234567 8 91011
Distance from nucleus

There 1s a 100% probability that the electron is

somewhere - In other words a probability of 1.
&
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The Wave Function

The normalization condition of the wave function

+00
/ W (z,t)]*de = 1

— OO

The wave function must be single valued and continuous.
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The Wave Function

Single-valued wave function: \Ij(gj) — 7’

Multi-valued wave function: \I!(g;) — ::\/E




The Wave Function

X (abitrary units)

This 1s an acceptable wave function.
It Is single valued and continuous.
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The Wave Function

w(x,0)
-2 -1 0 1 2
X (abitrary units)

This is an unacceptable wave function. ¥(z, 0) does not have a
unique single value at x = 0. The wave function Is not continuous.
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The Wave Function

1. In order to avoid infinite probabilities, ¥ must be finite everywhere.

2. In order to avoid multiple values of the probability, ¥ must be single
valued.

3. For finite potentials, ¥ and 0¥ /dx must be continuous. This is required
because the second-order derivative term in the wave equation must be
single valued. (There are exceptions to this rule when V'is infinite.)

4. In order to normalize the wave functions, ¥ must approach zero as x ap-
proaches *oo.




The Wave Function

U(xr)= Acotx A




The Wave Function

U(r) = Asinx

-1.0f

i} lashore University of Science and Technology s S brRachid, 2022




The Wave Function

=3 —2 1 8 > 3
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The Wave Function




The Wave Function

U(z) = A(V3cosz + sin )
3 1
— 2A (\g_ COS T + QSinx)

= 2A (cos(m/6) cosx + sin(7/6) sin x)
— A’ cos(x — 7/6)



The Wave Function

1.0f

U(x)= A'cos(x —7/6) }d

-0.5¢

-1.0f
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The Wave Function

U(xr)= Aln(1 + 3x)

r=—1/3

U(—1/3) = Aln0 = oo




The Wave Function

[ Ale®*—2%), if —a<zx<+a
V(z) { 0, otherwise

[ Aln(1+4x), if0<z<10
V(z) = { 0, otherwise




The Wave Function

[ Aln(1+42), if0<2x<10
V(z) { 0, otherwise

. —————
-5 0 5 10 15
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The Wave Function

V()
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Operators in QM

Potential Energy V(X)

1

Kinetic Energy
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Operators in QM

Total Energy (Kinetic + Potential) E. |

Total Energy (Time Version) E.._




Expectation Value

In quantum mechanics, the expectation value is the
average of repeated measurements on an ensemble of
identically prepared systems.

r OO

xW*(x, 1)W(x, t) dx

(%) = —

W*(x, t)W(x, t) dx

—O0
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Problem 1.4 At time r = 0 a particle is represented by the wave function

AL if0<x<a,
{l
Y(x,0) = A(b_x) ifa<x<bh,
(b —a) -
0, otherwise,

where A, a, and b are constants.

(a) Normalize W (that is, find A, in terms of @ and b).
(b) Sketch W(x.0), as a function of x.
(c) Where is the particle most likely to be found, at 1 = 0?

(d) What is the probability of finding the particle to the left of a? Check your
result in the limiting cases b = g and b = 2a.

(e) What is the expectation value of x? . .




a2 (b—a)2
el (2N L (_e=aN|
a?\ 3 /|, (b—a)? 3 .
o la b—al| 29
3
A=4/-.
b
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(b) ¥

(c) At |z =a.

a Al? a
(d) P= IIJQd:E:—‘ | 22z = |APP= =
2
0 0 3

a

S| Qe

P=1 i b=a, v
P=1/2if b=2a. v
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= 46(63— E a*(b—a)® 4+ 2b* — 8b* /3 +b* — 2a°b* + 8a’b/3 — a”

— _— —_— — S 2
4b(b—a)2(3 a”b "'3@6) 4(6_(1)2(5 3a”b + 2a°)

|2a+0b

= T
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Heisenberg’s
Uncertainty Principle




Heisenberg’s Uncertainty Principle

It 1s 1mpossible to specify simultaneously,
with arbitrary precision, both the momentum
and the position of a particle.

hi
AxApy > —
2
h —34
hh=—=1.055x10"3Js
2T
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Heisenberg’s Uncertainty Principle

The uncertainty principle restricts the precision with
which complementary observables may be specified
and measured simultaneously.




Heisenberg’s Uncertainty Principle

Calculate the momentum uncertainty of (a) a tennis ball
constrained to be in a fence enclosure of length 35 m sur-
rounding the court and (b) an electron within the smallest
diameter of a hydrogen atom.
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Uncertainty Principle

Solution (a) If we insert the uncertainty of the location of
the tennis ball, Ax = (35 m) /2, into Ap,Ax > h/2 , we have

1A 105X 107M] s
T 2Ax  2(35m)/2

Ap, =3 X 107 kg-m/s
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Uncertainty Principle

(b) The diameter of the hydrogen atom in its lowest
energy state (smallest radius) 1s 2ay,. We arbitrarily take the
uncertainty Ax to be half the diameter or equal to the ra-
dius, Ax = ay.

Ax = a, = 0529 X 107" m
_1# 1.05 X 1077*] s
2 Ax  2(0.529 X 107" m)

=1 X 10_24kg-m/s
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Uncertainty Principle

This may seem like a small momentum, but for an electron
with a mass of about 107% kg, it corresponds to a speed of
about 10° m/s, which is not insignificant!
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Heisenberg’s Uncertainty Principle

AxApy >
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Constraints of the uncertainty principle

Variable 1
Variable 2 b% h% z P« Py P

; -

Y

z
b E
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Energy-Time Uncertainty Principle

AE At

'V
N | S
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Uncertainty Principle

This relation states that If we make two
measurements of the energy of a system and If these
measurements are separated by a time interval , the
measured energies will differ by an mount % which
can In no way be smaller than h/AL If the time
Interval between the two measurements Is large, the
energy difference will be small.
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Uncertainty Principle

We must emphasize that the uncertainties are
Intrinsic. They are not due to our Inability to
construct better measuring equipment. No matter
how well we can measure, no matter how accurate
an instrument we build, and no matter how long
we measure, we can never do any better than the

uncertainty principle allows.




A particle is represented (at time + = 0) by the wave function

A(a? —-x?'). if —a <x <+a.
0. otherwise.

W(x,0) = l

(a) Determine the normalization constant A.

(b) Calculate the expectation values of x, x*, p, and p?.

(c) Find Az and Ap.
[s their product consistent with the uncertainty principle?
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The Postulates of
Quantum Mechanics




The Postulates of QM

Postulate 1. The state of a quantum-mechanical system is com-
pletely specified by a wavefunction ¥ that depends on the co-
ordinates and time. The square of this function W*W gives the
probability density for finding the system with a specified set of

coordinate values.

The wavefunction must

be single-valued, finite
and continuous.

/lI'*lI!de 1
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The Postulates of QM

Postulate 2. Every observable in quantum mechanics is repre-
sented by a linear, hermitian operator.

A linear operator is one ~ . .
which satisfies the identity A(c1t1 + ca¥2) = c1 Ay + c2 Ay

Postulate 3. In any measurement of an observable A, associated
with an operator A, the only possible results are the eigenvalues
a,, which satisfy an eigenvalue equation

Awn — anp wn
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The Postulates of QM

Postulate 4. For a system in a state described by a normalized
wave function W , the average or expectation value of the observ-
able corresponding to A is given by

<A>=/q;*ziwfr

Postulate 5. The wavefunction of a system evolves in time in
accordance with the time-dependent Schrodinger equation

ow A
h— = H WU
Zh@t
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The Postulates of QM

Postulate 1. The state of a quantum-mechanical system is com-
pletely specified by a wavefunction ¥ that depends on the co-
ordinates and time. The square of this function W*W gives the
probability density for finding the system with a specified set of

coordinate values.

The wavefunction must

be single-valued, finite
and continuous.

/lI'*lI!de 1
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Normalization

+00
/ W (x,t)[*dx = 1

— OO

Suppose we have normalized the wave function at
time t = 0. Will it remain normalized as time goes on?

Let us calculate

+ooa

d +00
W, ) 2 — / = (e, 1) P

E — OO — 00
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By the product rule,

J 5 0 oV  ow*
—|¥|* = —(¥*¥) = ¢ } V)
arl | ar( ) at ot
Schrédinger equation says
IV ih 3"V |
VV,

9t  2m 9x2 h

d 3 0*w 3P d [in ¥  a¥* \T
TP =2 (qJ* - > q:) — : (w* r \p) |
0x 0x ox | 2m 0x 0x i
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d [T 1 v g+ +00
—f W(x. D dx = — (w* V7 | |
dt J_~ 2m 0x 0x —20

But W (x. t) must go to zero as x goes to () infinity

d [T

a ] U (x,t)|*de = 0
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Time-dependent
Schrodinger wave equation

W (x, 1) h2 0*W(x, t)
i 2m  9x

ith

- VW (x, t)

Time-independent
Schrodinger wave equation

2 d*(x
BV Vi) = Eu()




