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Angular Momentum




Angular momentum

In classical physics the angular momentum of a particle with momentum
p and position r is defined by

L=rXxnp.
Hence the components of L = (L,, L,, L,) are given by
Ly = yp. — 2Py,
Ly — ZPx — LP2,
L, = xp, — ypz.




Angular momentum operator

The angular momentum operator L = (IAL:,;, ﬁy, f)z) can be obtained
by replacing r and p by the corresponding operators in the position

representation:
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Hermiticity of angular momentum operator

AN

(AB)t = Bt Af




Commutation relations
Lo, L)) = [P — 2y, 2o — ©D-]
= [Upz, 2D:z] — [UD=, TD2] — [2Dy, 2Dx] + 2Dy, TD-
= [Upz, 2Px] + 2Dy, TP
— f&[ﬁza 2]@: + 5%[27 ﬁz]ﬁy
= Y(—ih)p. + 2(ih)p,
— Zﬁ(j\jﬁy _@ﬁx)
— ihL,.
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Commutation relations

Orbital angular momentum

L., L,) =ihL.,  [L,, L.| =ihL,,  [L., L,] =ihL,.

Spin angular momentum

~ N

S, 8] —inS.. (S, 8 =ihS,. |9 ] = inS,
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Simultaneous eigenstates of angular momentum

L,, L)) =ikL., [L,, L.|=ikL,,  [L., L, =ikL,.

Lo = Aatle it = L Lalts

l/\;ywO — )‘ywO
szO — )\sz




Simultaneous eigenstates of angular momentum

L? =12+ L2+ L




Angular momentum In spherical coordinates

r = rsin @ cos ¢, r= /a2 +1y? + 22,
y = 7sin @ sin o, § = cos™! (;) ,
z =1cosb, ¢ = tan~1 (g) .
X
- . A A 0 0
Py — Yp ( (xay y@a:)
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Angular momentum In spherical coordinates

o  dxd 0dyd  0z0
dp  Opdxr  0pdy O 0z
o 0
- yaxlxaylo
.
B x@y Yor
5 N
L, = zﬁ(,w
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Angular momentum In spherical coordinates

L, =ik (smcb J +cot9(:osq§ J )

09

- . 0 9,
Ly—zﬁ(—cosq589 cot 981nq58¢)
- 0
L., = m(‘?gb'
- 1 0 0 1 0%
L* = —h 0— | 4

sin § 06 (sm 89) sin® § 0¢?
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Eigenvalues of angular momentum

f/z %Dzm(e); é) = hm ¢zm(9; Qb), m € R
L Yim (0, ) = B 1L+ 1) Yim(0,¢0),  LER.

(¥, L) = (¢, L2¢) + (¢, L2) + (¢, L2)
(Lath, Loth) + (Lytb, L) + (Latp, Lap) >0




Eigenvalues of angular momentum

P_omd Vim0, ¢) = €™ P"(0)
0P
Vim (0, & + 27) = Yin(0, @),
817bm
5 clb = Fm Y, oim(¢+2m) _ ime
awm : 27T
8; = 1M Yy, | m € 7




Eigenvalues of angular momentum

f’z wlm(ga Qﬁ) = hm wlm(Qv gb)a
L2 Y (0, 9) = B2 11 + 1) P (0, ¢),

[=0,1,2 3, ... m € Z

— [ <m <]




Eigenfunctions of angular momentum

Spherical harmonics

Here P™(cos#) is the associated Legendre functions. m < 0, we use

27 s
/ Ao / 40 $in 0 Y (0. 6) Vi (0.0) = (Vi Vi) = 81 S,
0 0




Eigenfunctions of angular momentum

Spherical harmonics

LzYEm — ﬁmYEmj [ = 07 17 2: 37 .

L2V}, = K21+ 1)Y)n, —I<m<I
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Eigenfunctions of angular momentum

}flm(xayaz)

Yoo(0, ) = m

Yi0(0,9) =/ 7= 2 cos 0
Y1,41(0, 9) = F,/ 5= ¢='¢ sin 0
Y20(0,9) = /767 Bcos’ 0 — 1)

Y241(0,9) =F % e*? sin O cos 0

V24200, 9) =/ 5557 == et sin’ 0

a

Yoo(x,y,z) = m

Ylo(x,y,2)=\/ﬁ§

N
Yia1(x,p,2) = F,/¢ =2

5 3 2__..2
Y20(x,y,2) — V 167 Zr2r

Yo41(x,y,2)=F é{j (xj;;y)z

15 x2—y242ix
Y2,:|:2(x9 Vs Z) — 1\ 321 yrz -
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Central potential

Consider a particle represented by a three-dimensional wave function
Y(x,y,z) moving In a three dimensional potential V (r). The Schrodinger
equation takes the form

2

_ﬁ_v%p(r) + V(r)y(r) = EyY(r).

2m

We have a central potential if V(r) = V(r).

In spherical coordinates, the Laplacian is

19 (,0 19 % 1 8?
2 — . p—
Ve =(V-V)y LZ or ( 87“) T 2sin0 00 (81“989> 2 sm298¢2] 4




The Schrodinger equation

e [10 (,0 1 1 o0 (. 0 1 0?
“om [TQ Or (T 5) M 72 {Sin()aé’ (smﬁ%) " sin? 6 02 H v+ Vnpin) = Evir)

| L O/ 0\, 1 0°
Lo=—r Lmeae) S50 ) T 0062

A1 0 ( ) O ) b(r) L Y(r) + V(r)w(r) = EY(r).

2m r? Or d or 2mr?
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Problems

Chapter 5 Example 5.1, 5.2
Angular Momentum

_ Problem 5.9, 5.11
Quantum Mechanics

Nouredine Zettili Exercise 5.1 - 5.4




Problem 5.9

Consider a system which 1s nitially in the state

1 3 1
w0, ¢) = 75-1’1,-1(6’, ¢)+\/;y10(6’, 0) + Eyu(é’, Q).

(@) Find (y | Ly | w).
(b) If L, were measured what values will one obtain and with what probabilities?
(c) If after measuring L, we find /, = —#, calculate the uncertainties AL, and AL, and

their product ALy AL,.




Solution

A A oA A 1 - A A A A
J:|: — Jx ::lJy. JxZE(J—F'l‘J—)a Jy:_l(‘]-l-_']—)a

Fa

[J2, J1=0, [Jo, J1=2hk].,  [J., Ju]=*hJy.

Jelj, my=n/jG+1)—mm+1) | j, m+1)

<J9m|jxljam>:<Jam|jy|], m>=O

2

n A | 3 A h
=G =5 G m 1 P jm = Gom 1 2 gm)| =5 G+ D -m?].




Solution

(a) Let us use a lighter notation for | w): | w) = \/Lg | 1, —1) +\/§| 1, 0) + % | 1, 1).
From (5.56) we can Wl'ite;_F | [, m) = h/I(l +1)—m@m + 1) |I, m 4+ 1); hence the only
terms that survive in (y | L4 | y) are

A N N
W ILily) =" 0L | L =1+ (L ULy | L, 0) =

2./6
?\/_h, (5.275)

since (1, O|L4 | 1, —=1) = (1, 1|14 | 1, 0) = +/2A.




Solution




(b) If L, were measured, we will find three values /, = —#h, 0, and 7. The probability of
finding the value /, = —# 1s

3 1
P_1 = [(1, —1 2 —(1, =11, \/: I, =11, 0) + —(1, =11, 1
1 = [ | vl = \/— [, =D +4/5 | )+\/§( L, 1)

1

= 5.276
5 (5.276)
since (1, —1 |1, 0) =(1, —1|1, 1) =0and (1, —1 |1, —1) = 1. Similarly, we can verify
that the probablhtles of measuring /, = 0 and 7 are respectively given by

2
3 3
Po = |1, 0] p)* = \/§<1, 011, 0) =3, (5.277)
2
X 1 1




Solution




(c) After measuring /; = —7, the system will be in the eigenstate |/m) =| 1, —1), that s,
w(@, o) = Y1 _1(0, 9). We need first to calculate the expectation values of L, L,, Li, and

L% using | 1, —1). Symmetry requires that (1, =1 | Ly | 1, —1) = (1, =1 | L, | 1, —1) = 0.
The expectation values of LAJZC and EJ% are equal, as shown 1n (5.60); they are given by

(£2) = (B3 = 1E%) - (121 = 2 [+ 1) —m?| = . (5.279)
A 22 27 |
in this relation, we have used the fact that/ = 1 and m = —1. Hence
A h
ALy =4/(L2) = = AL,, (5.280)

V2

and the uncertamties product AL, AL, 1s given by

— B2
AL ALy =/(E2)(12) = 5 (5.281)




