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Non-Interacting Electrons 

in a Periodic Potential

Condensed Matter Physics – Michael P. Marder

Chapter 7
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Bloch’s Theorem in One Dimension

Bloch proposed that the electron move in a periodic

potential , making the problem nearly interactable,

which obeys

For all R in a Bravais lattice.
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The setting for Bloch’s theorem in one dimension is a 

potential U(x) of period a on a periodic domain of length L

The Hamiltonian is
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Periodic Potential

The periodic potential of a crystal results in a delocalized electron. The

Bloch theorem requires the electronic wavefunction have the same

periodicity as the lattice and therefore has a slowly varying envelope u(r).
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Schrӧdinger equation in one dimension

The one-dimensional space where ψ is defined is of length L i.e. ψ to be periodic.

Suppose that the potential U(x) was just U(x) = 0



Dr Rashid, 2021Jashore University of Science and Technology
6

When the potential U(x) is not zero, the solutions retain 

the same basic structure, but change to

Schrӧdinger equation in one dimension
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φ is normalized over the whole system, u is normalized over a single unit cell

Where u(x) is a function that like U(x) is periodic with

period a, and where N = L/a is the number of cells in

the full periodic system. That is, the solutions are plane

waves exp[ikx] modulated by a periodic function u(x).

Bloch wave function
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Bloch wave functions are periodic functions u(r) modulated by a plane wave 

of longer period. The lower portion of the figure displays the real part of ψ(x)

Bloch wave function
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Fourier’s theorem says that every periodic function can be

written as a sum of all the complex exponential functions

exp[ikx] that share the same period. Because ψ is periodic

with period L, ψ(x) can be written as a sum of Fourier

components exp[iq'x] where q’ is of the form q' = 2πl'/L and

l'1,0,1...oo) aaaaaaaaaaaaaaaa is any integer:

Bloch wave function
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Bloch wave function
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Bloch wave function
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Bloch wave function
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Bloch’ Theorem

The Fourier component k 

is called the wave number 

and ћk is called the crystal

momentum.
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Bloch's Theorem in Three Dimensions
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Bloch's Theorem in Three Dimensions
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Implication of Bloch's Theorem

• Effective Hamiltonian

• Counting 𝑘

• Brillouin Zone

• Density of States

• Energy Bands 
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Energy diagram 

for free electron
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Kronig-Penney Model
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Kronig-Penney Model
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Kronig-Penney Model
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Energy bands with
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Energy band for 

free electron
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Brillouin zone for the 

(a) simple cubic, 

(b) face-centred cubic, 

(c) body-centred cubic, and 

(d) hexagonal lattice. 

The most important points and lines 

of symmetry are shown, together 

with their nomenclature.


