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Electron density

In an electronic system, the number of electrons per unit volume in a
given state is the electron density for that state. This quantity will be of
great importance in this book; we designate it by p(r). Its formula in

terms of W is

p(ry) ﬂN[* : -[]lIJ(xl,xz, XN dsy dx, - - - dxyy

This is a nonnegative simple function of three variables, x, y, and z,
integrating to the total number of electrons,

fp(r) dr=N
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The Thomas-Fermi model

TTF[P] = CFJ p5/3(r) dl', Cp = ‘13'_0(3.77:2)2/3 =2.871

Ep(r)] = Ck j p>P(x)dr—Z f EE_L) dr +% J p(r,)p(rs) dr, dr,

| it O
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The Hohenberg-Kohn theorems

The ground state energy of a many-electron system can be obtained as
the minimum of the functional

E[p] = f p(r)u(r) dr + F[p]

Flp] = T[p] + V..[p] | p@dr=n
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This paper deals with the ground state of an interacting electron gas in an external potential v(r). It is
proved that there exists a universal functional of the density, F[#(r)], independent of (r), such that the ex-
pression K= [v(r)n (r)dr+4-F[»(r) ] has as its minimum value the correct ground-state energy associated with
v(r). The functional F[#(r)] is then discussed for two situations: (1) n(r)=mne+7i(r), #/ne<<1, and
(2) n(r)= ¢(x/ro) with ¢ arbitrary and 7o — . In both cases F can be expressed entirely in terms of the cor-
relation energy and linear and higher order electronic polarizabilities of a uniform electron gas. This approach
also sheds some light on generalized Thomas-Fermi methods and their hm.zta.tlons Some new extensions of

these methods are presented.




Kohn-Sham method

Kohn and Sham proposed introducing orbitals into the problem in such
a way that the kinetic energy can be computed simply to good accuracy,
leaving a small residual correction that is handled separately. To
understand what is involved and what Kohn and Sham did, 1t 1s
convenient to begin with the exact formula for the ground-state kinetic

energy,
N
7= ) —3 1w) (7.1.5)
where the vy; and n; are, respectively, natural spin orbitals and their

occupation numbers. N .
p(r)=2 n, 2, |9, 5)|
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Kohn-Sham method

For any interacting system of interest, there are an infinite number of
terms in (7.1.5) or (7.1.6), which is ponderous at best. Kohn and Sham
(1965) showed that one can build a theory using simpler formulas,

namely ‘
N
Tlpl =2 (il =3V |yi) (7.1.7)
and

p(0) =2, 2. lyi(x, 9)|” (7.1.8)
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Kohn-Sham method

In analogy with the Hohenberg—Kohn definition of the universal
functional Fyx[p] (see §3.2 and §3.3), Kohn and Sham invoked a
corresponding noninteracting reference system, with the Hamiltonian

H = % (—3V7) + % v, (1) i(7.1.9)

in which there are no electron—electron repulsion terms, and for which
the ground-state electron density is exactly p. For this system there will be
an exact determinantal ground-state wave function

1
¥, = VT det [y, - - - Yyl (7.1.10)
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Kohn-Sham method
hop, = [—2V2 + v, ()] y; = e,

Llp]= (¥ 2 (=3VD) ) = 2, (9l ~3V* 1)

Flp]=Tp] +J[p] + E.[p]

E.lpl=Tlp] - Tlp] + V..lp] - J]p]
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Kohn-Sham method

E. lp]=T|p] - Llp] + V..[p] - J]p] (7.1.14)

The defined quantity E, [p] is called the exchange-correlation energy; it
contains the difference between T and T;, presumably fairly small (see
§7.3 below), and the nonclassical part of V_,[p].

6J[p] , OE.]p]
el =V 500 o)
p(r')

r—r'}

=v(r) + dr' + v,.(r)
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Kohn-Sham method

The Kohn—Sham treatment runs as follows. Equation (7.1.15) with the
constraint (7.1.4) is precisely the same equation as one obtains from
conventional density-functional theory when one applies it to a system of
noninteracting electrons moving in the external potential v,(r) = Ueg(T)-
Therefore, for a given v.4(r), one obtains the p(r) that satisfies (7.1.15)
simply by solving the N one-electron equations -

[ — 3V + v g(0)]Y: = &9 (7.1.18)

and setting

p(r) =2 2 yi(x, s)I’ (7.1.19)
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Derivation of the Kohn-Sham equations

Elp] = Tlp] +Jlp] + Exlo] + | v)p(e) dr

= i 2 f P ()(—2V)yi(r) dr +J[p] + E.[p] + f v(r)p(r) dr
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Derivation of the Kohn-Sham equations

['”%Vz + Veg| Y = &Y
p(x’)

Uegr(T) = v(x) + Tf o dr' + v,(r)

N
2
p(r) = E 2 [Y:(r, 5)|
i S
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Initial guess
n(r)

Calculate effective potential

Veﬁ (l') = fof (l’) + VHar:ree [H] + ch [”]

Solve KS equation

‘:_ %VZ t p;ﬁ (r)}w; (r)=¢,.y,(r)

Kohn-Sham method

Calculate electron density

N
n(r)= Y% (r)¥(r)

i=l

No

Self-consistent ?
Yes

Output quantities

Potential Energy, Static structure,
Born effective charges, etc...




Kohn-Sham method

E=Y e [ A28 drdr + Edp] - [ v.0p0) dr

Z 2 Wil =3V + vegl(r) |9:)

= T{pl+ | v (r) dr
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From a theory of Hohenberg and Kohn, approximation methods for treating an inhomogeneous system
of interacting electrons are developed. These methods are exact for systems of slowly varying or high density.
For the ground state, they lead to self-consistent equations analogous to the Hartree and Hartree-Fock
equations, respectively. In these equations the exchange and correlation portions of the chemical potential
of a uniform electron gas appear as additional effective potentials. (The exchange portion of our effective
potential differs from that due to Slater by a factor of %.) Electronic systems at finite temperatures and in
magnetic fields are also treated by similar methods. An appendix deals with a further correction for

systems with short-wavelength density oscillations.




Table 7.1 T[p]— T[p] for
Some Atoms*

Atom T{p] - T[p] (eV)
More on the H™ 0.8
] ] He 1.0
Kinetic-energy Lit 1.1
functional Be™* 1.1
L 1.7
Be 2.0

? Values from Almbladh and Ped-
roza (1984).
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Local density approximation

Ep]= f p(r)ex(p) dr

DA =S = (@) + () 2L
[w}—V2+ v(r) + plr )—d +vLDA(r)] i = EY;
2 Ir—r'| e o
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Local density approximation

Eclp) = &(p) + £.(p) e(p)=—-Cp(®H”?, C. :3(3)”3

X)) 0™ %+b

bx, (x —x0)* 2(b +2xo) 0
“X(x_o) [ln X(x) + 0 tan~ 2x+b]} (E.27)

where x=r? X(x)=x*+bx+c, and Q= (4c—bH)". For £Yr,),
A 0.0621814, x, = —0.409286, b = 13.0720, and ¢ = 42.7198; for £.(r,),

= 12(0.0621814), xo= —0.743294, b =20.1231, and c = 101.578. These
formulas are generally accepted as the most accurate available for the

uniform-gas correlation energy per particle.
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ec(rs)-—g*{ln r 2 @

=




Xo approximation

1 p(r')

—_ - V2 + ! ] .= £.10).

[ > U(r)l'*‘ ]l' — I"I dr' + vxa(r) ’l’.- 3:'1’:

Atom (Z) o
3 (3 3 ) 0.978
Vea(E) = — 5 a’{; p(l‘)} He (2) 0:773
Li(3) 0.781
Be (4) 0.768
B (5) 0.765
a=2/3 C (6) 0.759
N (7) 0.752
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